Given the ring of integers R of an algebraic number field K, for which natural Ž . number n is there a finite group G ; GL n, R such that RG, the R-span of G, Ž . Ž . Ž . coincides with M n, R , the ring of n = n -matrices over R? Given G ; GL n, R Ž . we show that RG s M n, R if and only if the Brauer reduction of G modulo every prime is absolutely irreducible. In addition, the question above is fully answered if n is an odd prime. ᮊ
INTRODUCTION
In the study of the Schur subgroup of the Brauer group of a commutative ring R one is interested in finding the Azumaya algebras over R that w x are epimorphic images of a group ring R G for some finite group G. Azumaya algebras are the central separable algebras; they can also be viewed as the algebras A with center R such that A is a progenerator as an A c s A m A o -module where A o is the opposite R-algebra. In this R context one is actually interested in such algebras up to Brauer equivalence, but the more precise question of which Azumaya algebras over R w x are obtainable as an epimorphic image of R G for some finite group G is interesting in its own right. That it is a non-trivial problem may be Ž . appreciated from the fact that M n, Z is an epimorphic image of some w x w x Z G if and only if n s 1 or n is divisible by 8, cf. Ne, Ne2 . In this paper we study this problem for arithmetical rings R by which we mean the ring of integers of an algebraic number field. The results here emanate from the symbiosis of the Schur subgroup approach of Nelis and Van Oysw x w x taeyen, cf. NO , and a recent work of Dixon and Zalesski, cf. DZ .
Ž . For a commutative ring R the matrix ring M n, R is called a Schur ring Ž . if there exists a finite group G ; GL n, R such that the R-span of G is Ž . just M n, R . We mainly study the following problem: Ž . 1.1. Problem. Let R be an arithmetical ring and M n, R the matrix Ž . ring over R. For which n is M n, R a Schur ring? Ž . Ž . For G ; GL n, R we denote by RG the R-span of G in M n, R . Another problem of particular interest is:
Problem. Let G ; GL n, R be a finite subgroup. When do we Ž . have RG s M n, R ? Ž . Our first main result Theorem 1.4 solves Problem 1.2 in terms of representation theory of finite groups. To state it we need the following 1.3. DEFINITION. Let C denote the field of complex numbers and Ž . G ; GL n, C . We call G globally irreducible if for every prime p a reduction of G modulo p is absolutely irreducible.
w x
The term ''globally irreducible'' was introduced by Gross Gr , however, w x the content of this notion in Gr differs from the one here. Analysis of w x global irreducibility in the sense of Gross was continued by Tiep T1᎐T4 . Observe that global irreducibility of certain representations can be dew x duced from results of Gr, T1᎐T4 . Recall that we assume R to be the ring of integers of an algebraic Ž w x . number field K. It is well known see CR, Theorem 75.4 that for any Ž . finite group G ; GL n, K there exists a finite extension L of K such that Ž . G is conjugate to a subgroup of GL n, R where R is the ring of
integers of L. This shows that one of the main ingredients of Problem 1.5 is the following problem:
1. 6 . Problem. Determine globally irreducible finite subgroups of Ž . GL n, C .
One can expect no easy solution of Problem 1.6. Only fragmentary results are known at the moment. w x By using DZ , we describe primitive globally irreducible linear groups of odd prime degrees: 
Ž . 1 p s 3, H ( 3 и Alt 6 , the 3-fold co¨er of the alternating group;
where q is an odd prime;
It is not difficult to consider the case where G is imprimitive because in Ž . this case G mod r is induced from a 1-dimensional representation of a certain subgroup. One can use a well-known irreducibility condition for such a representation to obtain a description of G.
One may expect that the existence of a globally irreducible subgroup Ž . Ž . G ; GL n, K does imply that M n, R is a Schur ring. For this it suffices Ž . to show that G is conjugate to a subgroup of G n, R . However, there is w x no reason for this to hold. Moreover, the argument in CRW hints that this is not true.
Our second main result solves the Problems 1.1 and 1.5 if n is an odd prime. The case of prime n is of particular importance in view of the Ž . Ž . following fact: M kn, R is a Schur ring for any k g N whenever M n, R Ž . is a Schur ring see Lemma 3.5 . For a field L we denote by L the subgroup of elements of finite order in L*, the multiplicative group of L. 
'
iii q s 2 p q 1 is a prime and K contains y q .
Notation. Throughout the paper R is the ring of integers of an algebraic number field K, R* denotes the unit group of R, and R is the Ž . Ž . torsion subgroup of R*. Let M n, R stand for the ring of n = n -matrices over R. For an ideal I of R we denote by the canonical epimorphism
We write GL n, R for the multiplicative group of Ž . Ž . the invertible elements of M n, R . For a subgroup G of GL n, R we let Ž . w x RG be the R-span of G in M n, R . The group ring R G maps canoniw x cally onto RG, hence RG is a Clifford system for G in sense of FVO . Let be the set of all natural primes. If : and A is an abelian group, then A stands for the Sylow -subgroup of A. In particular, A is the torsion subgroup A. We denote by Q, C the fields of rational and complex numbers, respectively, and by Z, N the set of integers and positive integers.
CONNECTION WITH GLOBALLY IRREDUCIBLE REPRESENTATIONS
In this section we discuss the notion of global irreducibility and prove Theorem 1.4.
Recall that the Brauer reduction of a representation modulo a natural Ž . prime p is defined as follows. Let : H ª GL n, C be a representation of a finite group H. Then there exists a finite extension F of Q such that Ž . is equivalent to a representation into GL n, F . Let L be the subring of p-integers of F. Then L is a principal ideal domain, and is equivalent to Ž .
The group h G is usually regarded as a subgroup of GL n, P where P stands for the algebraic closure of P. The reduction homomorphism h depends on which is not unique; however, by the Brauer᎐Nesbitt Ž w x . Ž . theorem see CR, Theorem 82.1 the irreducible constituents of h G do not depend on the choice of h. Therefore, the notion of a globally irreducible representation is well defined. Proof. Let L, h be as above and let I be a maximal ideal of L Ž . 
It is convenient to identify R and R и Id ; M n, R . As R is Ž . Noetherian and M n, R is a finitely generated R-module, it is Noetherian Ž w x . see, for instance L1, Chap. VI, Sect. 1, Proposition 3 . Hence ⌳ is finitely generated as an R-module, consequently, it is a Noetherian PI-Ž algebra and it is central over R. All necessary facts about PI-algebras, i.e., w x . algebras with a polynomial identities, can be found in Ro . The primitive ideals of are maximal. If g ⌳ is such a maximal ideal then ⌳r is a Ž . Ž simple Artinian ring containing Rr l R in its center. Hence Rr l . R is a field. Now let us first consider the local case, that is, assume that R Ž is a local ring hence a discrete valuation ring, in view of the above . hypothesis on R , with a unique maximal ideal I ; R. By assumption, 
R then the p.i. degree of the Azumaya algebra ⌳ is strictly less than the Ž . p.i. degree of M n, R which is of course n. In this case no image of ⌳ can
. Ž we must have C s R and ⌳ s M n, R . Recall that p.i. degree means the . least degree of a polynomial identity of ⌳.
Proof of Theorem 1.4. The ''only if'' part follows from Lemma 2.3 and the Brauer᎐Nesbitt theorem as every natural prime belongs to a proper Ž ideal of R. Let us prove the converse. Obviously, RG contains R и Id the . ring of scalar matrices . Next, let I be a maximal ideal of R. Then F s RrI is a finite field of characteristic p, say, so the homomorphism
irreducible, G is absolutely irreducible by the Brauer᎐Nesbitt theorem. . M n, R for every prime ideal I of R. We use Nakayama's lemma to show
Weaker versions of the notion of globally irreducibility may be of interest. For instance, one can omit the word ''absolute'' from Definition Ž . 1.3 and obtain a much weaker notion closer to Gross' one . We introduce the following: The notion of an Azumaya representation is fairly close to the one w x Ž w x. introduced by Nelis Ne see Definition 2.2.6 and Theorem 2.2.8 in Ne . Examples of Azumaya representations that are not strong Azumaya can be w x Ž . found in Ne . The gap between the content of Definition 1.3 and 2.6 ii seems to be quite small, however, these are different notions. We give an example of a strong Azumaya representation of a finite group G ;
Define a group E E ; GL n, R to be the Kronecker product of k k Ž . Ž . copies of E E where E E ; GL 2, R is generated by the matrices diag "i, i Observe that E E is absolutely irreducible. Let H be the
k k x Sup, Sect. 20 . In particular, the quotient group is finite and coincides with Ž . its commutator subgroup as k ) 2 . It follows that HЈ, the commutator w x subgroup of H, is finite. Since R s Z i is a principal ideal domain, HЈ is Ž . w x conjugate with a subgroup of GL n, R , see CR . So we assume that Ž . HЈ ; GL n, R . Let U be a 2-dimensional non-degenerate subspace of the Ž . Ä Ž . underlying space of Sp 2 k, 2 , and X s x g Sp 2 k, 2 : xu s u for all 4 Ž . u g U . Then X ( Sp 2 k y 2, 2 . We define G to be the pullback of X in HЈ.
Observe first that G is a strong Azumaya representation of itself. Indeed, let I be a maximal ideal of R, and F s RrI. Then F is a field. Set Ž . 
Proof. It is convenient to prove a more general fact:
As A is a finite abelian group, L s KA is a field, so L satisfies the Ž . Ž . assumption of * , and the lemma follows from * .
Ž .
Proof of * . By Galois theory G : C s l. Suppose first that l is a prime. Let r be a prime, and let K be any maximal subring of K not r containing r y1 . Then K is a local ring. Let I be a unique maximal ideal 
P
The projection ␣ of C into MrM is just a reduction homomorphism of Ž < . C modulo r as a subgroup of M. This shows that ␣ s h C . We have to Ž . prove that ␣ C is absolutely irreducible.
Let C, G stand for the images of C, G, respectively, under h. As G is globally irreducible, G is absolutely irreducible. By Clifford's theorem PC is a semisimple P-algebra and the simple components of PC are transitively permuted by G under the conjugation action. Proof. Let P be a normal p-subgroup of G. As G is quasi-primitive, every characteristic subgroup of P is cyclic; if P is not abelian, this implies Ž .
where L s KZ P , and l s nr L : K . We need fairly precise information about the structure of C. Set H s CrP. As LP s KP is a simple ring, the action of C on LP by conjugation can be realized via inner automorphisms of LP. It follows that there exists a Ž . Remark. The assertion of Theorem 2.8 fails for p s 2. An example is given by the group HЈ in the argument prior Lemma 2.7.
Ž .

M n, R AS A SCHUR RING: GENERAL APPROACH
Ž . Ž .
DEFINITION. M n, R is called a Schur ring if M n, R s RG for
Ž . some finite group G ; GL n, R .
Ž .
LEMMA. Let L ; R be a subring and G
Proof. This is obvious.
The following lemma shows that the case of prime n is of particular importance for Problem 1. . Proof. Let I be a maximal ideal of R such that 2 g I, and let Ž . Ž . F s RrI. Let X be the projection of H n, R in M n, F . Then X consists of all permutation matrices. It is clear that X is not irreducible. Ž . Ž . By Lemma 2.3 the R-span of H n, R is not M n, R .
Proposition. Suppose that K contains no odd roots of
Then is induced from a one-dimensional representation of a subgroup Ž . H of G. Set X s H . Then X is cyclic; let x be a generator of X, and Ž . let h be an element of H such that h s x. Then x g K is an eigenvalue of h; by Lemma 3.9, x g R. The standard construction of an induced representation shows that G can be realized over R, i.e., G is conjugate in Ž . Ž . GL n, K with a subgroup of H n, R . By Lemma 3.11, G is not globally irreducible. 
Suppose that l is odd and L is non-ramified o¨er K for e¨ery prime. Then T is a free R-module.
PROPOSITION. Let L be a field extention of K and let l s
L : K. U Ž U
Suppose that l is odd and for e¨ery p g we ha¨e KL
s
is a Schur ring for e¨ery n that is a multiple of l.
Proof. Let p be a prime. As L can be obtained from K by adding certain pЈ-roots of 1. L is non-ramified over p. Also, L is cyclotomic, so Ž . LrK is an abelian Galois extention. Set ␥ s Gal LrK .
Let T be the ring of integers of L. By Lemma 3.13, T is a free R-module. Observe that T is ⌫-stable so one can consider the cross product V s T ) ⌫ of T and ⌫ with trivial set of factors, i.e., V is a free left T-module formed by the set of all expressions Ý t ␥ where t g T,
Ž . with multiplication determined by ␥ t s ␥ t ␥ for t g T. We can turn T to Ž a V-module by defining an action of an element¨s Ýt ␥ where t g T,
Galois action. Obviously, T is a faithful V-module, so we can view V as a Ž . subring of GL l, R . The subring R of T acts on T by scalar multiplica-Ž . tion, so R и Id ; V. To show that M l, R is a Schur ring, by Proposition Ž . 2.5 it suffices to prove that VrVI is isomorphic to M l, RrI for every maximal ideal I of R. As LrK is non-ramified, T s TrIT is semisimple Ž of dimension l over F s RrI and ⌫ acts faithfully on T see, for instance w x x. L , Sect. 5, Proposition 11 . By Galois theory, ⌫ acts transitively on maximal ideals of T containing I so ⌫ acts transitively on maximal ideals of T. Let J , . . . , J be minimal ideals of T, and e the idempotent of J
It is well known that V is a simple ring. This can be seen as follows. By the above, ⌫ acts transitively on J , . . . , J . Suppose that U is a 1 1 1 1 Ž Ž .. minimality of u for every t g J we have tu y ut s 0, so t t y ␥ t s 0 1 ␥ Ž . for all ␥ g ⌫. This implies that ␥ t s t for all t g J and ␥ g ⌫ such that wŽ . x has M 3 y 1 r2, Z y1 q y 3 r2 as a quotient ring. 
